A theory of dynamic polarizability for trapping relevant states of Sr + is presented here when the ions interact with a focused optical vortex. The coupling between the orbital and spin angular momentum of the optical vortex varies with focusing angle of the beam and is studied in the calculation of the magic wavelengths for 5s 1/2 → 4d 3/2,5/2 transitions of Sr + . The initial state of our interest here is 5s 1/2 with m J = −1/2 of which is different possible trapping state compare to our recent work on Sr + [Phys. Rev. A 97, 022511 (2018)]. We find variation in magic wavelengths and the corresponding polarizabilities with different combinations of orbital and spin angular momentum of the vortex beam. The variation is very significant when the wavelengths of the beam are in the infrared region of electromagnetic spectrum. The calculated magic wavelengths will help the experimentalists to trap the ion for performing the high precision spectroscopic measurements. * analbhowmik@phy.iitkgp.ernet.in † sonjoym@phy.iitkgp.ernet.in
I. INTRODUCTION
Optical trapping of atoms or ions has been extensively used in high precision spectroscopic measurements [1, 2] . But the mechanism of trapping using a laser light inevitably produces a shift in the energy levels of the atoms involved in absorption. The shift is called the stark shift. In general, the shift is different for these energy states of the atom. Thus naturally it will influence the fidelity of the precision measurement experiments due to nonachieving of exact resonance. However, this drawback can be diminished if the atoms are trapped at magic wavelengths of the laser beam, for which the differential ac stark shift of an atomic transition effectively vanishes. Therefore, the magic wavelengths have significant applications in atomic clocks [3] [4] [5] , atomic magnetometers [6] and atomic interferometers [7] .
All the previous studies of magic wavelengths for trapping of different atoms or ions are obtained for the Gaussian modes of a laser [8] [9] [10] [11] . In this work, we determine the magic wavelengths of the transitions 5s 1/2,−1/2 → 4d 3/2,m J and 5s 1/2,−1/2 → 4d 5/2,m J of Sr + ion, assuming the external light field is a circularly polarized focused optical vortex such as Laguerre-Gaussian (LG) beam [12] . Since the stark shifts will be different for the states 5s 1/2,−1/2 and 5s 1/2,+1/2 , different laser frequency (magic frequency) should be applied to minimize the systematic errors in the experiments involved the state 5s 1/2,−1/2 compare to 5s 1/2,+1/2 state. Therefore, it is important to quantify the magic wavelengths of the transitions 5s 1/2,−1/2 → 4d 3/2,m J and 5s 1/2,−1/2 → 4d 5/2,m J of Sr + , as we have already reported the magic wavelengths related to 5s 1/2,+1/2 state [13] . However, the special property of optical vortex is that, apart from the polarization (i.e., spin angular momentum (SAM)), the optical vortex carries orbital angular momentum (OAM) due to its helical phase front [14] . Now, it is well known that during the interaction of a paraxial LG beam with atoms or ions (which are below its recoil limit), the quadrupole transition is the lowest-order transition where the OAM of the LG beam affects the electronic motion [14, 15] . Therefore, the OAM of a paraxial LG beam does not influence dipole polarizability of an atomic state. Hence, in case of paraxial LG beam, the dipole polarizability and the magic wavelengths solely depend on the SAM of the beam. But unlike the paraxial LG beam, the OAM and SAM of the optical vortex get coupled when the beam is focused [12] . This leads to the transfer of OAM to the electronic motion of the atoms in the dipole transition level and creates an impact on the polarizability of an atomic state [12] . Further, the coupling of angular momenta increases with the focusing angle. However, in this work, we quantify all these effects of OAM and SAM on the polarizability of an atomic state regarding magic wavelengths.
II. THEORY
If an atom or ion placed in an external oscillating electric field E(ω), then the secondorder shift in a particular energy level of the atom or ion is proportional to the square of the electric field, E 2 (ω). The proportional coefficient is called the dynamic polarizability α(ω)
of the atomic or ionic energy state at frequency ω of the external electric field and it can be written as [16] 
Where α c (ω) and α v (ω) are dynamic core polarizability of the ionic core and dynamic valence polarizability of the single valence system, respectively. This ionic core is obtained by removing the valence electron from the system. α vc (ω) is the correction [17] in core polarizability in the presence of the valence electron. As the core electrons are tightly bound to the nucleus, the presence of a valence electron is expected not to change the core polarizability significantly. Thus we consider α vc in the present method of calculations without variation of ω. α v (ω) is calculated using the external electric field of focused LG beam [12] . In case of focused LG beam, OAM and SAM are no longer separately a good quantum number as they get coupled to each other. Therefore, the effect of total angular momentum (OAM+SAM) can be seen on α v (ω), which can be expressed as [13] 
where J v is the total angular momentum of the state ψ v and m J is its magnetic component.
The coefficients
±2 } 2 and
m , where m takes the values 0, ±1 and ±2, depends on focusing angle (θ max ) by [12, 18] 
Here r ′ ⊥ is the projection of r ′ on the xy plane, w 0 is the waist of the paraxial circularly polarized LG beam which is focused by a high numerical aperture. The angular functions
( 2) are the scalar, vector and tensor parts respectively, of the valence polarizability and are expressed as [16, 19] 
Henceforth, whenever we mention about SAM or OAM in the following text, it is considered to be the angular momentum of the paraxial LG beam before passing through the focusing lens.
III. NUMERICAL RESULTS AND DISCUSSIONS
The aim of this work is to calculate the dynamic polarizabilities of the 5s 1/2 , 4d 3/2 , and 4d 5/2 states for different magnetic sublevels of Sr + . The scalar, vector and tensor parts of the valence polarizabilities are calculated using Eqs (4), (5), and (6). The precise estimations of these three parts of the valence polarizability depend on the accuracy of the unperturbed energy levels and the dipole matrices among them. In order to evaluate these properties, we use correlation exhaustive relativistic coupled cluster (RCC) theory [20] [21] [22] [23] [24] with wave operators associated with single and double and partial triple excitations in linear and non-linear forms. The wavefunctions calculated by the RCC method can produce highly precise E1 transition amplitudes as discussed in our recent work [13] . Calculation in this reference yields that the static core polarizability (α c (0)) of the ion is 6.103 a.u., and the static core-valence parts of the polarizabilities (α vc (0)) for the states 5s In order to determine the precise values of dynamic valence polarizabilities, we require calculating a large number of dipole matrix elements. Another way to say, the running index n in Eqs (4) to (6) is turning out to be around 25 for Sr + to obtain accurate valence polarizability. Since the RCC method is computationally very expensive, we break our total calculations of valence polarizability in three parts depending on their significance in the sums of Eqs (4)- (6) . The first part includes the most important contributing terms to the valence polarizabilities which involves the E1 matrix elements associated with the intermediate states from 5 2 P to 8 2 P and 4 2 F to 6 2 F . Therefore, these matrix elements are calculated using the correlation exhaustive RCC method. The second part consists of the comparatively less significant terms associated with E1 matrix elements in the polarizability expressions arising from intermediate states from 9 2 P to 12 2 P and 7 2 F to 12 2 F . Thus we calculate the second part using second-order relativistic many-body perturbation theory [25] . states. These intersections indicate magic wavelengths, at which the difference in the stark shifts of the two related states vanishes.
Figures show that magic wavelengths which fall in the infrared region of the electromagnetic spectrum have large polarizabilities compared to the magic wavelengths of the visible or ultraviolet region. These magic wavelengths with high polarizabilities will be more effective to trap the ion, and thus they are highly recommended for trapping. These two figures are given as an example. Similar plots are studied for different focusing angles, say 60
• and 70
• , and corresponding magic wavelengths are discussed later in this paper.
In Table I , II and III, we have listed a large number of magic wavelengths along with their corresponding polarizabilities, when the focusing angles of LG beam are 50
• , 60
• . The table I is for the transition 5s 1/2 → 4d 3/2 , and the combinations of OAM and SAM are (+1, +1), (+1, −1), (+2, +1) and (+2, −1). In Table II and III, the transition is 5s 1/2 → 4d 5/2 but the combinations of OAM and SAM are ((+1, +1), (+1, −1)) and ((+2, +1), (+2, −1)), respectively. The m J value of 5s 1/2 is considered −1/2 throughout this paper and the tables show totally distinct set of magic wavelengths compared to the results published [13] considering m J = 1/2. There are five sets of magic wavelengths obtained for each of the multiplets of 4d 3/2 for all the combinations of angular momenta and focusing angles of the LG beam in the given frequency range. Whereas, in the same range of wavelength spectrum for 4d 5/2 state, our calculations show seven sets of magic wavelengths (see Table II 
